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>0 Introduction 



Let n be a natural number greater than 1 and / = /(x) = /(xi, . . . , Xn) be a germ 
of holomorphic function on C" at 0. Let e be a sufficiently small number such that 
O i /is defined on B{x) = {(xi, . . . , Xn) € C" 1 1 x^ |< e}. If S' is sufficiently small, the 
g : restriction of / : B{x) ^ C to f-^{B^{s)), where B^{s) = {s e C \ <\ s \< 5'} 
\0 \ is a fiber bundle over B°{s). Therefore for < 5 < S' , tti{B^{s)) = 7ri(i?°(s),5) 
^ ■ acts on Q). From now on, we use the notation / : B{x) — > B{t) for 

■ short in this situation, and the morphism / is called a local morphism. If / has 
"Th ! only isolated singularities, then Q) = if z 7^ 0, n — 1. In the same 

I way if m is a natural number greater than 1 and (7 is a germ of holomorphic 
^ I function on C"^ = {y = (yi, . . . , ym)} at 0, a restriction of g defines a fiber bundle 

■ g~^{B'^{t)) B'^{t) over B'^{t). If / and g has only isolated singularities, u = f + g 
• r-j . also has only isolated singularity. Let Jf^'^g and jf+g be the action of the canonical 

! generator of 7ri(i?°(s)), TCi{B^{t)) and Tri{B^{u)) respectively. Then the relation 
; between i7^+"^-i((/+^)-i(5),Q), H''-\f-^{d),Q) smd H'^-\g-\d),Q) is given 
by Thom-Sebastiani theorem [S-T]: There exists an isomorphism 

H-+^-\{f + g)-\5), Q) ^ H^-\r\5)M) ® H^-\g-\5), Q). 



compatible with the actions of the monodromies, i.e. 7/+g = 7/ C?) 7g. 

The Hodge theoretic refinement of Thom-Sebastiani theorem is conjectured by 
Steenbrink [St], and proved by Varchenko [V], M.Saito [S] and Denef-Loeser [D-L] 
in different contexts. Let / be a germ of holomorphic function / : B{x) — > B{t) 
such that the restriction of / to f~^{B^{t)) is smooth. After Steenbrink, the 
space W{f~^{d), Q) is equipped with the mixed Hodge structure for a sufficiently 
small S. The action of 7/ is quasi-unipotent and preserves the mixed Hodge struc- 
ture. The minimal natural number m for which the action of 7"^ is unipotent for 
H^{f~^{d), Q) (0 < z < 2{n — 1)) is called the exponent of /. If m is the exponent 
of /, then the action of = ^ log(7"^) satisfies NWk C Wk-2- Therefore the 
action of 7 on Gr^ {W{f~^{5), Q)) preserves the Hodge structure and has a finite 
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image. Therefore [H' {f-\6) , Q)] = Efe[G^^r(^'(/"H5), Q))] defines an element 
of the Grothendieck group Kmh{C, A*m) of mixed Hodge structures with an action 
of 

jifn- For an element V in Kmh{^i jJ'm)-, the invariant part and the complement 
of invariant part under the action of /im is denoted by Vi and V^i, respectively. 
The action of firn preserves the space H^''^, where 

and x-part of H^''^ is denoted by HP''i{x), for a finite character x of 'n:i{B^{t),d). 
The set of natural numbers {/^^''^(x)}, where /i^''^(x) = dimHP''^{x) is called the 
spectral pair of / and it is an important invariant for singularities. The Hodge 
analog of Thom-Sebastiani theorem is stated as follows. Let di and d2 be the 
exponent of / and g respectively and m be the l.c.m. of di and d2- On the 
mixed Hodge structure V{di, ^2) = H^{{(t'^^ +t'^^ = 5}, Q), the group fidi x A*d2 ^ 
7ri{B{u) — {0},5) acts and the exponent is equal to m = lcm(di,d2)- Therefore 
V{di,d2) defines an element [V{di,d2)] in Kmh{C, x //d2 x /^m)- 

Theorem 0.1 ([V], [S], [D-L]). Under the above notation, the following equality 
holds in the Grothendieck group Kmh{^i IJ-m)- 

[H-+'^-\{f + g)-\5)M)] 
= - i[V{di, d2)] ® [H^-\f-\d)M)] ® [H^-H9-\S), QW^^ ^'^'^^ 
+ [H--\r\5). Q)(Xi)]/i ® [H^-\g-\5)M){X2)hi 
- [H-\f-\S), Q)(xi)] ® [H^-\g-\d), Q)(X2)]. 

This theorem is generalized by Nemethi-Steenbrink [N-S] as follows. Let h{s,t) 
be a function of two variables with an isolated singularity. The composite h o (/, g) 
of {f,g) : B{x) x B{y) B{s) x B{t) and h : B{s) x B{t) B{u) has singularities 
and it is called a composite singularity of two variables. The spectral pair of the 
composite singularity of two variables is computed by those of /, g and h in [N-S]. 
Note that if h{s, t) = s + t, then their theorem is nothing but Theorem 0.1. In this 
paper, we generalize this theorem for composite singularities of several variables. 
We explain the situation of our result. 

Let n be a natural number greater than 1 and gi{yi) = giiyn, ■ ■ ■ ,yimi) be 
germs of holomorphic functions of variables for 1 < i < n. Then Xi = giiyi) 
defines a local morphism gi : B{yi) B{xi). Suppose that the restriction of 
gi to g~ {B{xi) — {0}) is smooth. Let / be a germ of holomorphic function on 
B(x) = {{xi, . . . ,Xn) \\ Xi \< S {1 < i < n)} non-degenerate with respect to 
the Newton boundary. (See Section 1 for the definition of the non-degeneracy 
condition.) Roughly speaking, our main theorem (Theorem 3.6.1) gives the relation 
between the spectral pair of the composite singularity f {gi{yi) , . . . , gn{yn)) and 
those of gi,...,gn and /. This theorem is called the convolution theorem for 
composite singularities. Section 3 is devoted to prove this main theorem. 

In the paper of [D-L] they proved the motivic version of Thom-Sebastiani theo- 
rem under the assumption of tameness and the existence of the resolution of singu- 
larities. Their theorem, Motivic Thom-Sebastiani theorem implies the /-adic analog 
of Thom-Sebastiani theorem. We prove the /-adic analog of the convolution the- 
orem for composite singularities under the assumption of tameness condition in 
Section 2. Although the Z-adic analog is not a deep theorem, it is worth giving a 
proof in this paper, because from this result, one can easily expect the formula for 
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§1 NON DEGENERATE MAPS AND REDUCING MULTIPLICITIES 
§1.1 TORIC GEOMETRY 

Let be a finite field Fg of q elements or the complex number field C and n > 1. 
Let / = f{xi, . . . , Xn) e k[[xi, . . . , Xn]] be a formal power series on xi, . . . ,Xn over k 
such that /(O) = 0. We assume that for alH = 1, . . . , n, the coefficient of x'^* is not 
zero for some m^. The Newton polygon A = A(/) of / = X^wgN" O'wX^ is defined 

by the convex hull of {w e N"^ \ 0} and R^^^ = {(0, • • • , r, . . . , 0) | r > iV} 

for a sufficiently large number N. First we recall the notion of non-degeneracy 
with respect to the Newton boundary. Let cr be a face of A, La be the affine 
linear hull of cr in R" and L^fi be the linear subspace of R"' (containing 0) parallel 
to La- We define by = J^wea^w^"^- '^^ choose wq G a, then f^^o = 
/cr/x^° G k[Lafi n Z"-]. If cr is a non-compact face, there exists a non-empty subset 
J of [l,n] such that cr is equal to '^j^jH^ej outside of a compact subset. The 

scheme Spec{k[[xj]]j^j[x~^]j^j) is denoted by B^. The function / is said to be non- 
degenerate with respect to a compact face cr (resp. a non-compact face cr) if {fcr,o = 
0} is a smooth variety on = Spec{k[La,o n Z"]) (resp. 5°). The series / is said 
to be non-degenerate with respect to the Newton boundary if it is non-dcgcncrate 
with respect to all the faces cr of A. The closed subschemes {xi = 0} and {/ = 0} 
in B{x) = Spec{k[[xi, . . . ,Xn]]) are denoted by Z{xi) and Z{f), respectively. If 
/ is non-degenerate with respect to the Newton boundary, we can construct a 
partial resolution of the singularity of the hypersurface Z{f) U Uf^iZ(xi), using 
toric geometry. Let us define the dual fan F{A) of A as the set {a*{x) \ x G A}, 
where a*{x) = {/ G (R")* | /(XlyeA ^+(y ~~ ^)) ^ 0}- in [Od], we can associate 
a toric variety Xp for a fan F. Note that the toric variety associated to F{A) 

is isomorphic to Pa defined in [Dan]. The dual coordinate of (R"')* is written by 
w* = {wi, . . . ,Wn)- Let F be a simplicial refinement of F{A) such that 

(1.1.1) 

the restriction of F to the coordinate hyperplane {w* — 0} is equal to 
that of F(A). 

The natural morphism from Xp to the afiine space A^{x) = Spec{k[xi, . . . , Xn]) 
is denoted by tt : Xp — > A" (a;). The base change of tt by the morphism B{x) = 
Spec{k[[xi, . . . ,Xn\]) — >■ A"'(x) is denoted by b{x) : B{x) — >• B{x). 

Now we recall the definitions of quasi-smooth varieties and quasi-normal cross- 
ing divisors. (See [St].) An integral variety V is called quasi-smooth at a point 
p e V if there exists a local parameter at p with the inclusion Oy.p C 

Oy,p[6,---,Cn], where = xi,. . . = xi such that (1) Ov,p[^i, ■ ■ ■ ,U is 
smooth with regular parameters ^i, . . . and (2) Ov,p is identified with the in- 
variant ring of Ov,p[Cij ■ ■ ■ ^Cn] under the action of a subgroup G of /i^^ x ■ ■ ■ x 
where the action of x ■ ■ ■ x Hd„ is given by the multiplication of coordinate 
{ii: ■ ■ ■ :Cn)- If is quasi-smooth at all p G F, F is called a quasi-smooth variety. 
A divisor Z) in F is called a quasi-normal crossing divisor at p G -D, if it is the image 
of ^1 • • • (0 < s < n) under the projection Spec{Ov,p[Ci, • • • , Cn]) Spec{Ov,p)- 
The divisor is called quasi-normal corssing, if it is quasi-normal crossing at all 
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Since F is a simplicial fan, Xp and B{x) are quasi-smooth, and the reduced part 
of {h{x))~^ {Z [f) U U"^iZ(xj)) is a quasi-normal crossing divisor. 

Now we consider a covering B{^) of B{x). Let di, . . . ,dn be natural numbers 
such that C fc^. We introduce a system of coordinates ^i, . . . , with = 
xi, . . . , = Xn- Then B{^) = Spec{k[[^i, . . . , ^„]]) is a finite Galois covering of 
B{x) with a Galois group G = x • • • x /x^^. By the base chage of B{x) B{x) 
by -8(0 -8(2;), we get a morphism 6(0 : B{^) — > -B(0- The power series / 
defines a closed subscheme Z{f{^)) of B{^). Then B{^) is quasi-smooth and the 
reduced part of {b{^))~^ {Z {f {^)) U U"^iZ'(^j)) is a quasi-normal crossing divisor: 



where L>o and Dg+i, . . . , Dg+n are proper transforms of Z{f{^)) and Z(^i),..., 
Z{^ri) respectively and -Di, . . . , Dg correspond to 1-dimensional cones ri, . . .r^ of F 
different from R+e* (i = 1, . . . ,n). Let B{t) = Spec{k[[t]]). The morphism B{x) 
B{t) (resp. 5(0 ^ i?(t)) defined by t = f{xi,...,Xn) (resp. t = f ■ ■ ■ , Ct)) 
is denoted by /(x) (resp. /(O)- 



5(0 
5(0 

/(O 

s(t) 



S(a;) 

6(x) 

S(a;) 

fix) 
Bit) 



Let /(O = /(O ° KO- The multiplicities of Di,...,Ds in 6(0-H^(/(0)) = 
(/(0)~"'^(0) are computed as follows. Let L{x) = and F(0 be the lattice defined 
by © ■ ■ ■ © The dual lattice of L{x) and L(0 are denoted by L(a;)* and 

L(0*, respectively. Then we have 

L{x) C L(0 C R^L(0* C L(x)* C (R^)*. 

The primitive generator of with respect to the dual lattice ^(O* is denoted by 
li. The multiplicity rrii of Di in (6(0)~^(-Z^(/(0)) equal to 



rrii = min{/j(a;) | x e A}. 



Definition 1.1.1. Let p be the characteristic of k and (ii, . . . , be natural numbers 
prime to p. If there exists a simplicial refinement F of F'(A) with the property 
(1.1.1) such that m = lcm(mi) is prime to p, the n-tuple of natural numbers 
(di, . . . , cZ^) is said to be tame with respect to /. The number m is called the 
exponent of (di, . . . , dn) with respect to /. (We fix the simplicial refinement F of 
F(A) once and for all.) 

§1.2 Reduction of multiplicity 
We reduce the multiplicity of the special fiber of /(O by the base change with 
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m = lcm(mi) and B{t) = Spec{k[[T]]), where r"^ = t. We assume {m,p) = 1, i.e. 
{di, . . dn) is tame with respect to /. We construct a variety -B(C) over B{t) and 
the following commutative diagram: 



f 



f 



B{t) > B{t) 

such that (1) /~^(0) is reduced and quasi-normal crossing and (2) tt is a finite 
Galois covering with a Galois group jirn- 

Let F be a simplicial refinement of i^(A). First we construct a fan F in (R"'+^)*, 
the suspension of F. The polar dual A* of the Newton polyhedron A is defined by 

A* = {x* e (R^)* I a;*(A) > 1}. 

Since F is a refinement of -F(A), F defines a decomposition A* = U^..^^ cr* n A* 
of A*. We define lower cone L{a*)^ upper cone U{a*) of u*, and boundary cone 
B{a*) as 

L{a*) = R+(((J* n A*) X [0, — ]), U{a*) = {a* x [0, oo] - L{a*))- , 

m 

=R+((9A*n(7*),— ). 

The base cone B is defined by the closure of (R")* — Ua*eFU{a*). We define the 
suspension F of F as 

F = {U{a*)},^eF U {B{a*)},*eF U {B}. 

It is easy to sec that if a* is a simplicial cone, U{a*) and B{a*) are also simplicial 
cones. Even though if F is a simplicial fan, B may not be simplicial cone. Since 
the suspension F(A) of F(A) is the dual fan F(A) of the suspension A, where A 
is the convex hull of x R>Tn and A x 0. In general, F is a refinement of F(A). 
Now we consider an element /(^) — r"^ = . . . , ^^") — r"^ in A;[[^i, . . . , ^n, t]]- 

Let B{^,t) = Spec{k[[l^i, . . . ,^n,T]]). The fiber product of Xp A(^,t) and 
B{^,t) — ^ A(^, r) is denoted by S(^). Since A is the Newton polygon of /(^) — r"^, 
/(^) — t"^ defines a hypersurface B{^) = Z{f{^) — r"^) in B{^). The composite of 
S(0 ^ m), S(0 ^ B{C,r) and B{C,t) ^ B{r) is denoted by /(O- 

Proposition 1.2.1 (cf. [Dan]). The variety Z{f{^) — -u"^) does not contain the 
point corresponding to the base cone B in B{^) and quasi-smooth. The ( total ) 
fiber of f reduced and quasi-normal crossing. 

§2 Tame Z-adic sheaves and convolution theorem. 

§2.1 Grothendieck groups of etale sheaves. 

In this section, we assume that /c is a finite field Fg and d be an integer such 
J I „ 1 rpi „ ri j-1 ]; — .1. „ r\ „i — D/'™^ o Ji^n„ii\ 
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B^{x) = Spec{k{{x))) and Spec{k) is denoted by K{B{x)), K{B^\x)) and K{k), 
respectively. The geometric generic point of B^{x) is denoted by x. A sheaf F on 
B^{x) corresponds to the continuous representation {pp-, Fx) of Gal(/c((a;))//c((a;))). 
By Grothendieck's theorem, there exists an open subgroup H in the inertia group 
/ of Gal{k{[x)) / k{{x))) which acts on F^ unipotently. If there exists a subgroup 
H such that the index [/ : H] is prime to p, the sheaf F is caUed tame. The 
Grothendieck group of tame sheaves on B^{x) is denoted by K{B^{x)y. For a 
tame sheaf F, min{[/ : H] \ {[I : H],p) = 1, and pp \h is unipotent } is called the 
exponent of F. The Grothendieck group of tame sheaves on B^[x) whose exponents 
divide d is denoted by K{B^{x)Y''^. Note that K{B^{x)Y'^ is nothing but the 
Grothendieck group of etale sheaves on B^{x) whose inertia action is unipotent. 
Let us fix a generator 7 of the tame quotient Z(l)' = Y[{p i)=i ^^(1) of Then the 
logarithm N = logpF(7) of Pf{i) acts on F^ nilpotently. The action of N on F^ 
defines a monodromy filtration Wk{Fx) on F^ satisfying NWk{Fx) C Wk-2{Fx)- It 
is characterized by the property: 

The /c-th iteration : Grf {Fx) Gr^^{Fx) of the homomorphism 
induced by N is an isomorphism. 

If we define the primitive part as the kernel of the homomorphism A^^+^ : 
Grf (F,) ^ Gr!^,_2(F^), then F is equal to T.k>oT.o<^<k Pk m K{B^{x)f^\ 
Since NiPk ^ Pk ® Qz(^) (0 < i < /c) corresponds to an unramified representation 
of Gal{k{{x)) / k{{x))) , we have the following lemma. 

Lemma 2.1.1. The group K{B^{x))^'^ is isomorphic to the group K{k). 

Let = Gal{{VJi^d,p)=ik{{x'^)))®k/k{{x))) be the tame quotient of the absolute 
Galois group of k{{x)). Then we have the exact sequence: 

1 ^ z(i)' ^ n* ^ z ^ 1. 

The Kummer extension /c((t)), where = defines a character 11* — > pcL of n^- 
The kernel of 11* — //^ x Z can be identified with (iZ(l)'. We fix a generator 7 of 
dZ(l)'. For a tame etale sheaf F on B^{x) whose exponent is divisible by cZ, the 
action of dTi{l)' is unipotent. Let N be the logarithm of Pf{i)- For any element 
h e pdX'Z' take a lifting of /i G 11* . Then we have h-fh-^ = -f<'^\ c{h) e {ZY and 
as a consequence, we have HN = c{h)Nh. If we define a filtration VF/ = hWi, then 
Wl is stable under the action of N and the following diagram is commutative. 

c{h)-h 

By the characterization of VFj, we have = Wj. Therefore h induces a homo- 
morphism on Gr^Fx- Since N acts trivially on Grf^Fx, the action of 11* factors 
through jid X Z. As a consequence, K{B^{x))^''^ is equal to the Grothendieck group 
of continuous representations of pd x Z. Let K{k, pd) be the Grothendieck group of 
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Lemma 2.1.2. The group K{B'^{x)Y'°' is isomorphic to the group Kik.jid). 

We introduce a notion of an equivariant sheaf. Let / : X ^ 5' be a scheme over 
S and G be a finite group acting on X over S. The action of G on X is denoted by 
a : G ^ Aut{X/S). Let be a sheaf on X. A descent data for is a set of sheaf 
homomorphisms (j)g : g*J- T indexed by elements of G satisfying the 1-cocycle 
condition c^g^, = 4>h°h*(^g. The descent data is called effective if for any x E X and 
g & G such that g{x) — x, the fiber of the descent data (f)g \x- {g*^)x — ^g{x) ~^ 
is the identity map. (Note that this terminology is different from the usual one.) 
A sheaf on X with an effective descent data is called a (G, cr)-sheaf on X. The 
Grothendieck group of (G, cr) -sheaves on X is denoted by K{X/S, {G,a)). Let T 
be a (G, a")-sheaf on X. Then the higher direct image sheaves R^f^J-' is a sheaf on 
S with an action of G. Suppose that there exists a quotient scheme Y = X/G of 
X under the action of G. The structure morphism y — > 5 is denoted by g and the 
natural map X — > y is denoted by tt. For an etale sheaf Q on Y, the pull back 
7v*Q of Q hj the morphism tt has a natural effective descent data. It is known that 

Lemma 2.1.3. The group K{B^{x)Y''^ is isomorphic to the Grothendieck group 
K{B^{t), {jid, c))*'^ of unipotent {fid, o')-sheaves on B^{t). 

Remark 2.1.4- This isomorphism depends on the choice of the uniformizer x of 
k{{x)) which is always fixed in our context. 

Let F be an etale sheaf on B{x). The sheaf F is said to be tame if the restriction 
to B^{x) is tame. For a tame sheaf F, the exponent of F is defined by that of the 
restriction to B^{x). The Grothendieck group of tame sheaves and tame sheaves 
whose exponent divides d are denoted by K{B{x)y and K{B{x)Y''^, respectively. 
For an etale sheaf F on -B(a;), the generic geometric fiber and special geometric 
fiber are denoted by F^ and Fg respectively. The specialization map is a Gal(k/k)- 
equivariant map 

(2.1.1) spF : F-o Fi, 



where / is the inertia group of Gal(A;((a;))/A;((a;))). To give an etale sheaf on B{x) is 
equivalent to give a triple {Fx, Fq, spp), where F^ and Fg are a GdX{k{{x)) / k{{x)))- 
module and a Gal(A;//c)-module respectively and spp is a Gal(A;//c)-equivariant ho- 
momorphism (2.1.1). By considering exact sequence 

j\j*F ^ F ^ iJ*F 0, 

we have [F] = \j\fF] + [iJ*F] in K{B{x)). Since {j\fF)Q = and {iJ*F)^ = 0, 
we have 

K{B{x)) = K{B^{x)) ® K{k),K{B{x)Y = K{B\x)Y © K{k), 
K{B{x)Y^'^ = K{B^{x)Y''^ ® K{k). 

Now we consider several Grothendieck groups of etale sheaves on B{x) = 

Spec{k[[xi, . . . , x^j,]]). For a subset / of [1, n], we define a closed subscheme Bi{x) = 
o ™ 11 /r„ \ \ ] „i ] „,,i .u„™„ D0/'™^ _ d 



8 



TOMOHIDE TERASOMA 



UjziiBj{x). Note that B0{x) — B{x). A sheaf is said to be stratified by coor- 
dinate if the restriction to Bj is locally constant for all /. An etale sheaf F on 
B{x) stratified by coordinate is called tame if the monodromy of the restriction of 
F to B^ is tame. The Grothendieck group of tame etale sheaves on B{x) stratified 
by coordinate is denoted by Kc{B{x)Y . The tame fundamental group of Bj{x) is 
denoted by IIj. Then we have the following exact sequence. 

1 ^ (Z(l)')^' ^U\^Z^1 

Let / C [l,n] and i ^ I. We set J = I \J i and fix a generator Cj of geometric 
monodromy along the divisor Xi = 0. Then we have 1 Z(l)'ei — > IIj — > IIj — > 1. 
The Grothendieck group of tame etale Q;-sheaves stratified by coordinate whose 
exponent for divides di is denoted by Kc{B{x)Y''^^''"''^^ . The generic geometric 
point of Bj{x) is denoted by xj. The specialization map with respect to / and J is 
a Hj-equivariant map spi^j : F^j — > F^\. Let K{Jl\) be the Grothendieck group of 
continuous representations of By the same argument as in the 1-variable case, 
we have 

K,{B{X)Y = ©Jc[l,n]i^(n^)- 

If Fi, . . . ,Fn are tame sheaves on B{xi), . . . , B{xn), then the exterior product F\ Kl 
■ ■ ■MFn= pr^Fi ® ■ ■ ■ pr^Fn is a tame sheaf on B{x) stratified by coordinate. 

Lemma 2.1.5. By attaching [Fi] • • • to FiM- ■ - MFn, we get a homomor- 

phism 

K{B{xi)f K{B{xn)Y ^ Kc{B{x)Y 

K{B{xi)Y''^' «)•••«) K(S(a;„) ^ Kc(S(a;))*''^i'-''^". 

Proof. It is enough to prove that if — > F{ ^ Fi ^ F{' ^ is an exact sequence 
of etale sheaves on B{xi), 

0^ F{MF2^---^Fn^ FiMF2^---^Fn^ F['^F2^---MFn^0 

is an exact sequence of tame etale sheaves on B{x). It is clear by the description 
of tame etale sheaves on B{x) stratified by coordinate. 

Let B{^i) B{xi) be the //^i -covering defined in §1.1 and G be the group 
A*di X • • • jidr^ which acts on B{^). The action is denoted be u^. 

Proposition 2.1.6. 

(1) K,{B{i),{G,ai)Y'^ ~ ©jc[i,n]i^(S?(0,(G'/,a,))*'\ where d is the im- 
age of G in Aut(Sj(^)) and aj he the action of Gj on Bj{^), i.e. Gj = 

(2) Ke(S?(0, (G/, ai)Y^^ ~ K{k, Gi). 

§2.2 Vanishing cycle functors and convolution theorem 

Let / be a subset of [l,?i]. We use the same notations for Bi{x), B{^), G and 
as §2.1. Let [Fi] O • • • O [F^] he an element oi K{B{xi)Y ^ K{B{xn)Y- We 
define a homomorphism 0/ : K{B{xi)Y''^' O • • • O K{B{xn)Y''^" ^ K{B^{t)) as 
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where jt : B'^{t) B{t) and ii : Bi{x) B{x) be the natural inclusions. For 

an element [Fi] ® • • • ® [K] e K{B{^i), {fJ.d^,(7i)Y • • • ® K{B{^n), {f^dr,,(Tn)Y, we 
define the equivariant version 

of 0/ by 

(g) • • • (g) = [j;R/(0 J/JKA K • • • K 

where ij : Bi{^) — > -B(^) is the natural inclusion. Then we have the following 
commutative diagram. 



(2.2.1) 



G-invariant 



i^(5(ei),(//d„ai))*'i®-..®i^(5(en),(//d„,^n))*'' ^ K{B^{t),G) 

First we prove the following proposition. 

Proposition 2.2.1. The image of (pi is contained in K{B'^{t)Y''^ , where m is the 
exponent of (di, . . . ,dn) with respect to f. 

Proof. We consider the following commutative diagram: 



no 



fiO 



B{t) B{t). 
I/' 

For tame etale sheaves Fi,...,Fn on B{xi), . . . , B{xn) whose exponent divides 
cZi, . . . , dn, the sheaf 7r*Fi Kl • • • Kl 7r*F„ are (G, (Tg)-sheaf on -B(^) with unipotent 
monodromy. Therefore there exists a filtration of {G, cr^)-sheaves on tt^Fi IEI 
• • • Kl TT^Fn such that has trivial monodromy. Therefore the subquotient 

{b o uyF^-fib o z/)*F*+^ of (6 o u)*{tvIFi K1 ■ ■ ■ K1 7r*Fn) has also trivial monodromy. 
Using weight spectral sequence for /(^), j*i?*/(^)*((6o zy)*(7riFi IE • • -1X177*^^)) has 
unipotent monodromy. Since 

j^R'fiO^iib o uriTT^F^ TTlFn)) ~ {v'YjlR'f{i).h*{TTlFr K • • • K 

and the commutative diagram (2.2.1), we have 

[jtR'fixUF, m--.mFn)] = [jtR'f{0.b*{7T*,F, K • • • K 7T:Fn)f e K{B\t)Y'^ 

Definition 2.2.2. Put F = [Fi] (g) • • • (g) [F^]. 
(1) 

$/(F) = 00(F) - [(Fi K ■ ■ ■ K F„)o] G K(A;, 
Here we use the identification, (^0(F) e X(S(t)°)*'"^ ~ K{k,fim) and [(Fi^ 
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(2) 

$([F,]) = [F,,^J - [F,-o] e Kik,f,,J and 

Xi{F) = ^i^lFi,^,] e G/), 

(3) 

=0/([7ri*Fi] (g) • • • (g) - [(Fi K • • • K F„)o] 

and $/ = $/([Q;]®---®[Qz]). 

Theorem 2.2.3 (/-adic convolution theorem). Let F = [Fi] ® ■■■ ® in 

K[B[xi)Y''^^ ® ■ ■ ■ ® K{B{xn)y''^"' ■ Under the notation defined as above, 

= J2 i-'^f'i^i ® Xi{F)f' e K{f,m, k). 

7C[l,n] 

Proof. Since the action of G on factors through Gj, it is enough to show that 

$/(F)= {-lf\^i®Xi{F))eK{Gxi,m,k), 

7C[l,n] 

by the commutative diagram (2.2.1). Let F = [nlFi Kl- ■ - ^n^Fn]. Using decompo- 
sition F = J2icli n] ji\{F \bO{^))j where ji : Bj{^) —>■ -B(^) is the natural inclusion. 
Since F iB^iO^ K{B%^), (G/, ct/))*'1, we have 

jniF \bO{o) = [h\Qi] ® ®i0[Fi,x,] ® ®iei[Fi,o] e K^{B{^), {G,a^)Y^\ 

Here the (G, (T^)-structure on the right hand side is given by the diagonal action of 
{Gi,ai) on ®ig/[-Fi,xi] and^ [jnQi]- Using equality [jnQi] = 

1)'^*^''^"''^) [i^iQi], where ix '■ Bk{C) -^(0 natural inclusion, we 

have 

Fb^YI i-^)*^''~'^[^KiQi] ® ®i^i[Fi,^,] ® ®iei[Fi-o] 

= Y (-l)*''[^K!Qd®(5^(-l)*'®i^/[i^MJ®®ie/[i^i,o])- 
K(Z[l,n] KDI 

Since 

KOI 

= ®i^K [Fi,xi] ® (J] (-1)*^ ®i^K-i [Fi,xi] ® ®iei[Fi,o)\ 
= ®iiK [Fi,Xi]®®ieK^{[Fi]) 
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we have 

^f{F)= J2 i-l)*''^f{[iKiQi])®XK{F) 

Kc[l.n] 
Kc[l,n] 

This completes the proof of the theorem. 

We apply Theorem 2.2.3 to composite singularities. Let mi, ... , nin be positive 
integers, j/j = (yn, ■ ■ ■ iVimi) sets of coordinates. We define B{yi) = 
Spec{k[[yii, . . . ,yirai]])- Let Qi = gi{yi) be a formal power series of {yij}j with 
no constant term. Then gi defines a homomorphism B{yi) B{xi) by Xi = gi{yi). 
We assume that gi is smooth on B{yi) — g^ (0) and the exponent di of gi divides 
ij^k^ . The fiber product of gi defines a morphism from B{y) = Y\A=i^{yi) ^'^ 
B{x) = nr=i-^(^*) denoted by g. We assume that the exponent m of 

{di, . . . ,dn) with respect to / divides . 

n n 

B{y) = n B{yi) B{x) = n B{xi) ^ Bit) 

1=1 i=l 

Lemma 2.2.4. The composite fog: B{y) B{x) B{t) is smooth over B^{t). 
Let Xg,K{Qi) = XKilR-gi^Qi] ® • • • ® [£ign*Qi]) and 

^fogiQi) = ^fi[RgiMi] ® • • • ® [Rgn*Qi]) = bTR(/ o g)Mi] - [Qi]- 

Then the following theorem is a direct consequence of Theorem 2.2.3. 
Theorem 2.2.5 (1-adic convolution theorem for composite singularities). 

/C[l,n] 

Remark 2.2.6. If we apply this theorem for the function /(a; 1,2:2) = xi + X2, it 
is nothing but the Z-adic version of Thom-Sebastiani theorem. (See also Corollary 
3.6.2.) It is proved in [L-D] assuming the existence of resolution of singularities. 
Here we only assume the tameness of the singularity for ^fi = and 5^2 = 0. 

The rest of this paper is devoted to prove the Hodge analog of Theorem 2.2.5. 
§3 Mixed Hodge structure of composite singularities 

§3.1 Local space 

Let N be an analytic space and X and Y be closed subspaces such that X is 
a projective algebraic variety. The triple {N,X,Y) is called a local space if the 
following conditions hold. 

(1) Any irreducible component of Y is not contained in X. 

^'o^ AT I' V I I v\ ;„ „ „™ — -i-l, 



12 



TOMOHIDE TERASOMA 



(3) There exists a proper bimeromorphic map 6 : iV — > AT such that b is an 
isomorphism on b~^{N — (X U Y)) and b~^{X U y) is a normal crossing 
divisor of N. 

The irreducible decomposition of the proper transform y of F is written 
by y = Uig/li. For a subset J of /, we define Yj = Hj^jYj. 

(4) For any subset J of /, Yj retracts to Yj H X, where X — b~^{X). (In 
particular, N retracts to the subvariety X.) 

Note that for a triple with the properties (l)-(3), there exists a sufficiently small 
neighborhood N' of X such that (A^', X,Y H N") is a local space. We introduce 
an equivalence relation on the set of local spaces by (A^, X, Y) ~ (A^', X,Y (1 N'), 
where A^' is a sufficiently small neighborhood of X. From now on, equivalent local 
spaces are always identified. 

Example 3.1.1. Let B{x) — {(xi, . . . ,Xn) \\ Xi \< e} and /(xi, . . . , Xn) be a holo- 
morphic function on B{x) to B{t) = {t \\ t |< e}. Then for a sufficiently small e, 
(S(a;), 0, /~-^(0)) is a local space. 

In this section, we introduce a mixed Hodge structure on the cohomology H^{N — 
(X U y), Q). To introduce a Hodge structure, we fix a resolution of singularities 
iV ^ A/" of (3). Let y = Ui^jYi and X = UXi be the irreducible decompositions 
of the proper transform y of y and that of b~^{X), respectively. Then (A^, X, Y) 
is also a local space. First we construct a mixed Hodge structure on H'^{N — {X U 
Q) — H\N — {XUY), Q). Later we prove that it is independent of the choice of 
the resolution of singularities. The local space {N, X, Y) is called normal crossing if 
N is smooth and XUY is a normal crossing divisor in N. We assume that (AT, X, Y) 
is a normal crossing local space and X = U'^^^Xi and Y = U^^-^Yi are the irreducible 
decomposition. We can define the logarithmic de Rham complex O^(logD) as in 
[Del]. By the result of [Del], there exist quasi-isomorphisms Rj*C — > 
and il7v(log-D) — > where j : N — D ^ N is the natural inclusion. Let 

ii : Xj — > X be the natural inclusion. If / C J, then there exists a natural 
morphism (z/)*Rj*Q (zj)H<Rj*Q. 

Let M be an analytic manifold and D = UiDi be a simple normal crossing divisor. 
For a subset J of /, we put Dj — Hj^jDj and the ideal sheaf of Dj is denoted 
by Ij. The sheaf of logarithmic differential forms O^(logD) is a locally free sheaf 
on jV and Idj <8) Cl\f{logD) is identified with a subsheaf of fiJy/-(log D). If Zi is a 
local equation of Dj and uj E f2^(logZ)), then we have d(zcj) = Zi(^ Aa;) + Zjdw, 
therefore Xdj <8 ^j^fO-OgD) is a sub-complex of Qj^{logD). Therefore the quotient 
sheaves il\f{logD) (g) Odj forms a complex of sheaves flj^{\ogD) ® Odj- 

Lemma 3.1.2. Let j : N — D ^ M be the natural inclusion. Then there exists a 
quasi-isomorphism 

Rj^C \xj^^lf{\ogD)®Oxj. 

Proof. First consider the following diagram where all the morphisms are filtered 
quasi isomorphisms; 

(3.L1) (Rj*C,T.) ^ {nj^nu-D^r.) ^ (J]Ar(logD),T.) ^ {nM{\ogD),W.) 

Let Wh{9.M{yogD) ® Odj) = Im(W^fc(J^Ar(logL')) ^ n^ilogD) ® Odj). Then we 
have the following lemma. 
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Lemma 3.1.3. 

(1) The Poincare residue induces the isomorphism 

(2) The natural morphism n : (0;^(logi:») \dj, W,) {nif{logD) ® Odj,W,) 

is a filtered quasi isomorphism 

Proof. (1) is well known and easy to check. 

(2) The associated graded morphism of n is equal to 

and they are quasi-isomorphic to C^jyjK- This proves the lemma 3.1.3. 
By (3.1.1) and Lemma 3.1.3 (2), we have Lemma 3.1.2. 

Now we return to the situation of a normal crossing local space (A^, X, Y). We 
define the following complexes = Kq{N, X, Y) and Kc = Kc,{N, X, Y) on X. 

Kd : ©#/=i(i/)*Rj*Q \xi^ ©#/=2(^/)*R.i*Q \xi^ ■■■ 

and 

Kc : (B#i=i{ii),n'j^{log{D)) ® Oxj ^ (B#i=2{ii)*^'Ar{iog{D)) ^ Ox, ^ ■ ■ ■ 
The following lemma is a direct consequence of Lemma 3.1.2. 
Lemma 3.1.4. There exists a quasi isomorphism of complexes of sheaves: 

Rj^Q \x^ Kq, Kq^C^ Kc. 

Definition 3.1.5. We introduce a weight filtration W on Xq, i^c, and a Hodge 
filtration F on K^ as follows. 

WkKQ : ©#/=i TfcRj^Q \xj^ ©#j=2Tfc+iRj*Q \xi 
> ©#/=jrfc+j-iRj7^Q ^ • • • 

WkKc : ©#/=i Wkn%{log{D)) ® Ox, ^ ®#i=2Wk+in%{logD) (g) Ox, 
> ®#i=jWk+j-in%{\ogD) ^Oxj 

PPKc : ©#/=i aPO^(log(I))) ® Ox, ^ ©#7=2(T^^^;r(log i^) ® Ox, 

> ®#i=jaPn%{\ogD) ®Ox, , 

where r, and a* are the canonical and the stupid filtrations, respectively. 

These filtrations on the complex of sheaves induces the weight filtration W on 
Rr(X, Kq) and Rr(K, Kc) and the Hodge filtration F on Rr(X, Kc) up to fil- 
tered quasi-isomorphism. 

Definition 3.1.6. The pair {{Lq,W),{Lc,W,F)) of filtered complex of sheaves 
and bi-filtered complex of sheaves on X is a cohomological mixed Hodge complex 
(=CMHC for short [Del]), if the following conditions hold. 

(1) (Lq, W) ® C and (Lc, W) are filtered quasi-isomorphism. 

(2) The spectral sequence for the filtered complex of sheaves 
(Rr(X, Grf (Lc)), Grf{F)) on X degenerates at Ei-term. 

(3) The filtration Gr]^{F) defines a Hodge structure of weight m + A; on 
iy-(X,Grf(Lc)). 
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Theorem 3.1.7. The pair {{Kq, W), (i^c, W, F)) defines a CMHC on X. 

Proof. It is sufficient to prove tliat Gr^(i^c) is a coliomological Hodge complex of 
weight fc, where Gr^ {Kc) is given by the double complex: 

®#i=k,#j=i^YjnXj[-k]{-k) ^ ©#/=fc+i,#j=2J^^,nx^[-^ - 1](-^ - 1) ^ 

Moreover, the associated graded module GrpGr^{Kc) for the induced filtration 
Grf (FP) is equal to 

Therefore the m-th hypercohomology of Gr^pGr]^ (Kc) is equal to 

Therefore by the classical Hodge theory the following spectral sequence degenerates 
at the £'i-term. 

EP,q ^ HP+i{X, Gr^Grf (Kc)) ^ EP^'^ = HP+'?(X, Grf (Kc)), 

and the filtration defined by this spectral sequence defines a pure Hodge structure 
of weight m + k on H"^(X, Grf (Kc))- 

We prove the independence of the choice of the resolution of singularity. We use 
the same argument as [Del]. Let {Ni, Xi,Yi) and (A^2,-^2,^2) be normal crossing 
local spaces, (A^, X, Y) a local space and : A^^ — > A/" be proper morphisms for 
i = 1,2 such that f-\X UY) = XiUYi and fi \N,-(x,uY,y- - (X^ U Yi) ^ 
N — {X UY) are isomorphic for z = 1, 2. Then by taking a fiber product of /i, /2 
and resolving it, there exists the third normal crossing local space (A^s, X3, Y3) and 
proper morphism gi : {N3, X3, ^3) ^ {Ni, Xi, Yi) such that gi^{Xi U Yi) ^ X3UY3 
and the restrictions of gi to A^a — (X3 U Fa) are isomorphisms. 

{N3,X3,Y3) > (iVi,^i,yi) 



{N2,X2,Y2) > {N,X,Y) 

The morphism g^ induces a homomorphism from the mixed Hodge structure of 
{Ni,Xi,Yi) to that of (A^3,X3,y'3) which is bijective. Since the category of mixed 
Hodge structures is an abelian category, this gives rise to the isomorphism of mixed 
Hodge structures. In the same way, we can prove the following functoriality of the 
mixed Hodge structures of local spaces. 

Proposition 3.1.8. Let {Ni,Xi, Yi) and {N2, X2, Y2) be local spaces and / : A^i ^ 
A^2 be a morphism such that f{Ni — {Xi U Yi)) C Ar2 — {X2UY2) and f |jVi-(Xiuyi) 
is an immersion. Then f induces a homomorphism of mixed Hodge structures of 
local spaces. 

Proof. We reduce the proof to the case where both (A^i,Xi,Yi) and (A^2,-^2,i2) 
are normal crossing local spaces. In this case, the proof is exactly the same as [Del]. 

Remark 3.1.9. Let {N,X,Y) be a normal crossing local space and Xi a closed 
subvariety of X, A^i a neighborhood of Xi, and Yi the closure of {XUY)p[Ni— Xi. 
Then {Ni,Xi,Yi) is a local space and the open immersion Ni d N satisfies the 
condition (1). 
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Corollary 3.1.10. Let {N,X,Y) be a local space and W be a subvariety of X. 
Then iy*(W, Rj*Q) has a natural mixed Hodge structure. 

Proof. Let Zi be the closure oiW in X and put Z-2 = Z\ — W . The open immersion 
from W to Zx is denoted hy k : W ^ Zi. Since 

Hl{W,Rj,Q) ~ W{Zx,h{Rj,Q \w)) 

and 

hXKj^Q \ w) ^ Rj* Iza*^-^ Rj* Ui^ 

is a distinguished triangle, and by the construction of cone of CMHC given later in 
§3.4, it is enough to prove that Rj*Q \zi and Rj*Q \z2 cohomological mixed 
Hodge complex and the morphism rest is a morphism of mixed Hodge complex. 
For the first statement, we may assume that W is the closed subvariety of X. By 
modifying, there exists a modification of local spaces tt : (iV, X, Y) — > {N, X, Y) 
such that {N, X, Y) is normal crossing and W = 7r~^{W) is a divisor of N contained 
in X. By using the construction of Remark 3.1.9, we can see that Rj*Q |^ is a 
cohomological mixed Hodge complex on W. Therefore, 

Br{W,Rj,Q \w) ^ Rr(W^,R7r,(Ri,Q |^)) ~ Rr(Tl^,Rj,Q \^) 

is a mixed Hodge complex. We can prove that the morphism rest is a morphism 
of CMHC's in the same way. 

§3.2 Mixed Hodge structures associated 
to hypersurface singularities 

In this section, we investigate mixed Hodge structures of germs of hypersurface 
singularities. 

Let B{y) = \\ Vi \< e} and / = /(yi,...,yn) be a holomorphic 

function on B[y) such that /(O) = 0. The function / defines a holomorphic map 
from B{y) to B{t) = G C 1 1 i |< e} and put Z{f) = {y e B{y) \ f{y) = 0}. We 
assume that / is smooth outside of Z{f). Let m be a positive integer. The variety 
Bm{y) is defined by the following fiber product: 

Bm{y) B{y) 
f 

B{t) . B{t), 

where B{t) = {r G C || r |< e} and t"^ = t. Then (^^(y), 7r-i(0), 7r-i(Z(/))) is 

a local space and W{Bm{y) — 7r~^(Z'(/)), Q) has a mixed Hodge structure defined 

in §2.1. The covering transformation group Hm = Gsi\{B (t) / B (t)) acts on the 

mixed Hodge structure on H^{Bm{y) — Q) by the functoriality. Let 

KMuiC, Urn) be the Grothendieck group of mixed Hodge structures with a /U^- 

action. Then Kmh{C, Hm) has a natural ring structure arising from tensor product 

and graded by weight. Since [Q — Q(l)] = [Q] — [Q(l)] is a non zero divisor on 

KMH{CjHrn), the natural homomorphism from Kmh{C, Hm) to the localization 

Kmh{C, iJ,rn)loc of Kmh{Gi l^m) with rcspcct to [Q — Q(l)] is injective. (See [D- 
T 1 ^ 
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The element ^'/,^(Q) = [H* {B^{y) -7r-\Z{f)),Q)] in KMi/(C, //^) is defined 
by E-=l'^''^''\-mHKBmiy)-^-\Z{f)),Q)]- We define 

(3.2.1) 

0/,m(Q) = |Q3QpYjJ*/,m(Q) e KMH{C,IIm)loc, and 

Note that <^/,m(Q) corresponds to the cohomology of the Milnor fiber if the expo- 
nent of monodromy divides m. Using the weight spectral sequence, one can show 
(f)f,m is actually an element in KMniC, /im), but we do not use this fact in the rest 
of this paper. 

Let Hi — {yn, . . . ,yimj be sets of coordinates as in the end of §2.2. We define 
BiVi) = {(2/ii,---,2/i,mi) e C"^* II yij \< e {I < j < rui)}. Let Qi = gi{yi) be a 
holomorphic function on B{yi) with gi{0) — 0. Then gi defines a homomorphism 
B{yi) — > B{xi) by Xi = gi{yi). We assume that g^ is smooth on B{yi) —g~^{0). The 
fiber product g of gi from B{y) — Y[7=i B{yi) to B{x) = Y[7=i B{xi) is defined as 
in §2.2. The sequence of positive numbers ((ii, . . . , dn) is denoted by d. We define 
B^[x) and B^[x) by the following cartesian squares. 

BM > B{y) BM > BM 

B{0 ^ B{x), B{t) > B{t) 

We introduce the equivariant version of the definition (3.2.1). The natural map 
5d(y) B{t) is denoted by f{y). We define 0/o3,m(Q) by 

^/°.,m(Q) =[Q3^(ZI)][^*(^d(y) - (/(2/))-'(0),Q)] - [Q] 

loc- 

Then it is easy to see that $/og,m(Q) = ^/og,m(Q)*^- For a subset / of [l,n], we 
define Bi{^) by Ui^ B{^i). The fiber product' of morphism Bi{^) ^ B{^) ^ B{t) 
and B{t) B{t) is denoted by Bi^miO- — Yii^i l^di- Then Gj x /im acts 

on Bi^miO- The natural morphism from Bi^miO ~^ B{t) is denoted by //(C)- We 
define 4'fi,m{Q) by 

^^-^^^^ = [Q_Q(_i)] [-^*(-^^--(^) - (^(O)-'(o), Q)] - [Q] 

e Kmh{C,Gi X IJ.m)loc- 

Let Bj^ — Bi d ~ UjD/-Bj,d, -S^ = -^g^ and the fc/ be the natural inclusion 

ki : - (/(y))-^(0) ^ S,,d - (/(y))-'(0). 
Then we use the following equality. 

(3.2.2) [H*iBM - ifiy)r\o), Q)] = E [B*{BiAy) - ifiy))-\o), knQ)] 
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Now we introduce several notations related to the resolution of singularities. 
Let b{yi) : B{yi) — > B{yi) be a resolution of singularity for (7~^(0) C B{yi), i.e, 
b{yi) is a bimeromorphic projective morphism and b{yi)~^ {g~^ {0))red is a simple 
normal crossing divisor. Let di be the least common multiple of the multiplicities 
of the components in b{yi)~^{g~^{0)). Let B{^i) B{xi) be the morphism defined 



bye 



The normalization of B[yi) ^B{xi) is denoted by B{yi). The 



second projection B{yi) B{^i) is denoted by gi. Then the morphism gi is jia^- 
equi variant and B{yi) is a quasi-smooth variety with reduced quasi- normal crossing 
divisor gi{0). 

B{yi) > B{yi) 



9i 



9i 



B{x,) 



Let V = B{y) = Y[7=i B{yi) be the product of B{yi) and the product V B{^) = 
Yli^i B{^i) of gi is denoted by h. The base change of h by the morphism B{^) 
B{Oi B{0 ^B{C) and B{^) B{^) are denoted by h : V ^ B{^), h : V ^ B{^) 
andh:V ^ B{C). The natural morphism B{^) B{t) is denoted by /(^). Then 
we have the following diagram. 



B{r) 



V 

h 

m 



V 



V = n-=i B{yi) 
h 

B{0 



m 

h 



B{t) 



V 



The morphism h : V ^ B{^) is G-equivariant and G x jjrn acts on V over B{t). 
Let = niLi B^i^i), Db = 5(0 - B%0 and Dp = (/(e))-'(0). The proper 

transform of Db and Di? in B{^) is denoted hy Db and Dp and the exceptional 
divisor for b{$,) is denoted by De- The pullbacks of Db,Df and De in -8(0 are 
denoted by Db, Df and De, respectively. The group G x jirn acts ori De- We 
define divisors on V as follows: 

h-\bB) = VB,h-\DF) = VF,h-\DE) = Ve 

Let jv '■ y — [Vf U Ve) ^ ^ be the natural immersion. Then the mixed Hodge 
structure of H*{V - (Vf U Ve),Q) is given by H*(y, Rjv*Q \y^). The inverse 
image of (0, . . . , 0) under the morphism V — > HlLi B{yi) is denoted by Vc- The 
action of G on F induces that of Vc. The inverse image of Vc under the morphism 
V ^ V is denoted by Vc- Then we have Vc = Vc x De and the action of G x is 
equal to the diagonal action. The restriction of h to Vc is denoted hy he : Vc ^ De- 



. ] 



, 
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on the mixed Hodge structure H*(t/, Iijv*Q) — H*(V'c, Tijv*Q ly^)- Therefore we 
have 

[U*{V, Kjv*Q)] = [H*{V - (Ve U Vf), Q)] e Kmh{C, G x /x^). 

Let De — Ucrgi?/ -^CT be the stratification indexed by F' and Z^j be the closure 
of in Note that this stratification is stable under the action of G x fx^. 

Let t/cr be a tubular neighborhood of Z^, : — {De U Dp) —>■ Ufj and : 
h~^{Ucr — {De U De)) h~^{Ua) be the natural inclusion. 

h-\U,-{bEliDF)) h-\Ua) hc{Z^) 

U^-{DeUDe) Ua Zl 

Let Ga be the stabilizer of Z° in G x Then RjV*Q) is a G^- 

module and we have 

[h*(k,rjv*q)] = E i^d%^m{h-\z%B:jvm 

HgF'/(Gx/x^) 

5^ iT.d%^[ni{hz\~zi)^B:um- 

HeF'/(GxMm) 

Put /(a) = {z I ei e a} and *y,m,a(Q) = [H*(/i-i(ZO),Rj^,Q)]. Then we have 
[iy*(Sd(y) - (/(y))-^(O),/c0,A:|Rj,Q)] = Indg^(*w(Q)) 

{aeF',/(<7)=0}/(Gxp^) 

in Kmh{C, G X //rn)- In the next section, we compute R^jij*Q using toric geometry. 

§3.3 The structure of K'j^^Q. 

First we describe a stratification of D^; in terms of toric geometry. The space 
B^{Cj t) = ^ ^^i^) can be considered as an open set of -B(^). The complement 

D = -8(0 ^ B'^i'^) is a quasi normal crossing divisor whose irreducible 

components are indexed by the set of 1-dimensional cones r in F. (See (1.2.1) for the 
definition of F.) Let {ro, ri, . . . , r^, r^+i, . . . , rg+n} be the set of 1-dimensional cones 
of F such that tq, Vs+i, . . . , Tg+n correspond to the proper transforms of {r = 0}, 
{^1 = 0}, . . . , {^n = 0}, respectively. The corresponding divisors are written as 
Do, Di, . . . , Dg, Ds+i, . . . , Dg+n- The intersection Di^ fl ■ ■ ■ fl Di^, is non-empty and 
as a consequence defines a stratum of D if and only r^^ , . . . , r^j. generate a cone a 
of the fan F. We denote Z^ = Di^ n ■ ■ ■ H Di^. Let De = Dq, Db = Uf^^Dg+i and 
De = Uf^i A- Since De n B{$,) = De, Db n 5(0 = and L»£ n B{C) = De, 
Zfj = Zfj r\ B{^), where cr is a simplicial cone of F, defines a stratification of 
De ^ De ^ Db- It is easy to see that Zg- is not empty if and only if dim Z^ > 1 i.e. 
dimcr < n + 1. We put Z^ = Z^- — Ur^aZr- Then Z° is isomorphic to a torus and 
Z° is a non-singular hypersurface in As a consequence, we have a stratification 



^0 
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Under this stratification, De corresponds to u's whose generator contains at least 
one of ri, . . . ,rs. Let Aa- = C[a fl L(^, r)] and Spec{Aa-) — > Xp be the natural 
map. Let Ucr be the pull back of Spec{Ao-) in B{^). Let be the maximal linear 
sTibspace contained in a and A^ — C[L^ n L(^, r)]. The kernel of the natural map 
Act — Act is denoted by 1^- Then the corresponding closed subvariety is identified 
with Z2. 



c 



n 



Spec{A^) 



n 



Xp 



By taking the intersections with S(^), we have the following diagram. 



c 



c 



h-\u,-{bEi^DF)) 



where Uu = H B{^). We use these varieties to compute 

H*(/i-i(^°),RjaQ \h-\zo))- Let = Ji-HDe), Vf = Ji-HDf) and Vb = 
h~^{DB)- The natural morphisms V ^ V and F — > -6(0 define a closed immer- 
sion V ^ V X B{^). This morphism defines a morphism of local spaces: 

{V, Vc, VeUVfU Vb) a (F X K x De, {{V - F°) x B{^)) U {V x D)), 
{V, VeUVfU Vb) ^ {V x B{0, V, x De,V x B{0 - y° x B^{C, r)), 

where D ^ DeU DfU Db and V° = Note that Vc x De ^ V and 

Vc X De = Vc. The inclusion of divisors i)^; U Df ^ De U -Df U i^s defines the 
following open immersion of local spaces: 

{V, VeUVfU Vb) ^ {V, K, Ve U V», 
(V^, VeUVfU Vb) ^ {V, V^, Ve U Vf). 



We investigate these inclusions on the open set h~^{Ucr) C V and V x Ua- 

Let J/ be a point in B{y) and 2:11, . . . , ^imi , • • • , ^ni, • • • , ^nm„ be a local coordinate 
near y such that gi, . . . ,gn can be written as 

i/1 — ^11 ^i;^ )---)yn — ^nl ^n/„ • 

Then the local equation of F at a lifting y oi y can be written as 



^11 



'il 



■1(1 _ 
1 5 • • • 5 ?n — 



where 
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Let ri, . . . , To be a generator of cr fl t) ® Q), such that ^^^=1 C (cr fl 
L(^, r)). Suppose that ri, . . . , correspond to the components of Db and r^+i, . . . , 
Ta correspond to the components of De U Dp. We take Va+i, ■ ■ ■ ,rn+i such that 
Zri is finite index in L(^,t)*. Then by changing the numbering of ^i, 
ri, . . . can be written as 

ri = (rii, 0, . . . , 0), . . . , rfc = (0, . . . , rkk, 0, . . . , 0), 

'^fe+l = (fk+l,!, • • • , rk+l,n, rk+l,n+l), ■■■■>ra= (rai, . . . , Tan, Ta,n+l) 

Then C[(TnL(^, r)] is a subring of C[tti, . . . , tt^+i, • • . , ^t^+i], where is the 

multiphcative expression of the dual base {r*}i of (rijj. The subring C[a"nL(^, r)] 
is characterized by an invariant subring of C[tti, . . . , Ua, ^a+i, • • • , ''^n+i] under an 
action of an abehan group H. The morphism Spec{Q[ui, . . . , tta, ita+i' • • • ' '^n+i] 
,Spec(C[Ci, . . . , Cn]) is given by 

ii = tij" • • • u'^^' ■ ( unit ),..., = w?" ■ ■ ■ ■ ( unit ), 
r = u;^'"+^ • ( unit ) 

First we investigate the inclusions a and p. The local equation for V is given by 

p=k+l 



U 



rkk 



n 



rpkid'i^ 



( unit ) = z'^^''' 



[ JJ • ( unit ) 

p=k+l 



^A;+l,l "'^k+l,lk+i 



[ fl «^-]<-(unit) = Cr^--.^::^'", 

p=k+l 

using the coordinate of the covering Spec{C[ui, . . . , Ua+i, • • • ' '^n+i\) ^ -^(l/) 
of S'j>ec(C[(T n L(^, r)]) x -B(y). Moreover, the open set corresponding to F — {Ve U 
U Vb) and V — (Ve U Vp) is given by 

ui e . . . , e and 

respectively. Let jefb '■ V — (Ve DVfL) Vb) V, Jef '■ V — (Ve U Vp) — > V and 
Jm '■ V^ X S°(^,t) -^Vx B{^) be the natural inclusions. Then 

(3.3.1) R\jEFB).Q = A'R\jEFB).Q, 

R'Qef)*Q = a'RH]ef).Q, 
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for z > 1. Using the local expression of F — (V^ U U Vb), V — {Ve l-iVp) and 
F° X S(^,t)° -^Vx B{^), the stalks if the natural homomorphism 

R\jm)*Q ^ R\jefb)*Q ^ R\jEF)*Q 
at V are computed as follows. 

iR\jM)*Q)v = [Q" e (®r=iQ'* ® Q)] Q(-i) 

{R\jEFB).Qh = [Coker(Q-+i (Q« © (©ILiQ'^ © Q)))] ® Q(-l) 

(i?'(i^F)*Q). = [Coker(Q-^+i (Q"-'^ © (©^Lfc+iQ^^ © Q)))] ® Q(-l), 

where 

-4EFB(ei) = <(rH, . . . , Tai) © (0, . . . , 0, (m-1, . . . , m-^;J, 0, . . . , 0), (1 < i < n) 

^£FB(en+l) = C^^+i(ri,n+l,...,r-a,n+l)ffi (0, ...,0, 1), 

and 

-4i?F(ei) = d[{rk+ii,...,rai) © (0, . . . , 0, (m'l, . . . , m-^^.), 0, . . . , 0), {k + 1 < i < n) 

,n+l ) • • • ) '^a,n+l 

)©(0,...,0,1). 

The morphism a* is identified with the natural projection. Since the diagram 

gn+l AE£E^ Qa ^ (©n^^Q'i © Q) 
QU-k+l , Qa-fc ^ (©^^^^^Q'i © Q) 

is commutative, /3* is identified with the homomorphism induced by the natural 
inclusions. By (3.3.1) and the expression of a* and /3* , we have the following 
proposition. 

Proposition 3.3.1. 

(1) The morphism a* is injective an (3* is surjective. 

(2) The morphism R%Jm)*Q ^ R^Qefb)*Q and R%Jef)*Q ^ R''Qefb)*Q 
are identified with A*a* and A*/?*. Moreover they are surjective and injective 
respectively. 

Since B{^) meets De^ DpU Db trans versally, we get the following proposition. 
Proposition 3.3.2. For v E V , we have 

iR\jEFB)*Q)v = iR\jEFB)*Q)v,iR\jEF)*Q)v = iR\jEF)*Q)v, 

{R'CjM)Mh = {R'CjM)*Qh- 

As a consequence, Proposition 3.3.1 holds by replacing jEFB, jEF and jM by jEFB, 
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§3.4 Supplement for mixed Hodge structures 

Let X be a topological space and K = [{Kq,W),{Kc,W,F)) and K' = 
((Kq, W), {K'(., W, F)) be cohomological mixed Hodge complexes (=CMHC's for 
short). A morphism from K to K' is defined by the pair of morphisms of filtered 
and bifiltered complexes (pQ : Kq — > K'q and (pc '■ Kc K'^. where {(pQ ® C, W) 
and (</7c7 W) are filtered congruent to each other. After [Dur], we define the cone 
Cone(<^) of (fi by 

ConeM^ = © 
d : Cone((/?)^ Cone{(p)^^ ; (x, y) i— > (dx, fix) + dy), 

Wk Cone((/?)^ = WkK\ © Wk+i{K'Y^^ , for = Q, C and 

F«Cone(^)^ = F«K^ © F''{K'f-\ 

According to [Dur], Cone((/?) give rise to be a CMHC. 

Definition 3.4- 1- A morphism (p : K ^ K' oi CMHC's is called weakly equivalent 
if the underlying morphism Kq K'q is a quasi-isomorphism. 

Remark 3.4-2. By weak equivalence, we do not impose that <^q or (pc ^ire filtered 
quasi-isomorphism. Therefore, in general, the spectral sequences 

Ef'\K, W) = HP+^X, Gr^pK) ^ E^'i{K, W) = HP+«(X, K) 
E^'^K', W) = UP+i{X, Gr^pK') =^ E^'i{K', W) = HP+«(X, K') 

does not coincide. But they degenerate at £'2-terms and the filtration induced by 
this spectral seequence is equal to weight filtration, they coincides at £^2-terms. 

Example 3.4-3. Let X be a smooth algebraic variety and Xi and X2 be a smooth 
comactification with normal crossing boudaries Di and D2- Assume that there 
exists a morphism / : Xi — > X2 which induces an identity on X. Let ji : X ^ Xi be 
a natural inclusion for z = 1, 2. As in [Del], Ki = ((Rjj^Q, u), (logD^), W, F)) 
is a CMHC on Xi ior i = 1, 2. Therefore 

R/.Ki = ((R/*Rji*Q,R/*(a)),(R/,n^^(logX),R/,(W^),R/,(F))) 

is a CMHC on X2 and there is a natural morphism K2 — > R/*-fCi. In general, they 
are not filtered quasi-isomorphic, but they are weakly equivalent. 

The following lemma will be useful later. 

Lemma 3.4.4. 

(1) If f : K ^ K' is weakly equivalent, then the homomorphism H^{f) : 
ii\X,K) — >• tl\X,K') is an isomorphism of mixed Hodge strucutres. 

(2) Let f : K ^ L and b : L' ^ L be morphisms of CMHC's on X. Suppose 
that b is weak equivalent. Then there exists a cohomological mixed Hodge 
complex K' and morphisms a : K' ^ K and f : K' ^ L' of CMHC's on 
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Proof. 

(1) The homomorphism H'^{f) preserves the weight and Hodge filtraions and 
compatible with the complex conjugate and bijective. Since the category of mixed 
Hodge structures is an abelian category, it is an isormophims. 

(2) Let K' = Cone((/, h) : K ®L' ^ L) axvd. a : K' ^ K and f : K' ^ V be the 
natural morphisms. Then K' is equipped with CMHC and a and / are morphism 
of CMHC's which satisfy the conditions of the lemma. 

We define direct sum decomposition of CMHC's. 

Definition 3.4-5. 

(1) Let K, L and M be CMHC's and pi : K ^ L and p2 : K ^ M be 
morphisms of CMHC's. pi ® P2 '■ K ^ L © M is called a direct sum 
decomposition if it is weakly equivalent. 

(2) Two direct sum decompositions fi : K ^ Li® Mi and f2'-K^L2® M2 
are said to be equivalent if there exists a third direct sum decomposition 
P3 : K — > L3 © M3 and weak equivalences gi : L^, ^ Li and hi : M3 Mi 
{i = 1,2) such that the following diagram commutes 

K ) L3©M3 

= gi®hi 
K > Li® Mi 



Lemma 3.4.6. Let f : K ^ L ® M he a direct sum decomposition and K K' 
he a weak equivalence. Then there exist CMHC's L' , M' and weak equivalences 
a : L ^ L', b : M ^ M' and f : K' ^ L' ® M' such that the following diagram 
commutes. 

K -^-^ K' 



f 



f 



L®M > L'®M' 

(a,6) 

Proof. Since / is weakly equivalent, the natural morphism /* : ConQ^K — > L) © 
Cone(i^ — > M) — > K is weakly equivalent. Therefore the composite 

gof*: Cone{K ^ L) ® Cone{K ^ M) ^ K' 

is weakly equivalent. Therefore 

f :K' ^ Cone(Cone(X ^ L) ^ K')[l] © Cone(Cone(K ^ M) ^ K')[l] 

is a direct sum decomposition. We put L' = Cone(Cone(iir ^ L) 
and M' = Cone(Cone(i^ M) K')[l]. Since the natural morphisms L — > 
Cone(Cone(i^ ^ L) ^ K) and M Cone(Cone(K ^ M) ^ K) are weakly 
equivalent, the composites 

a : L ^ Cone(Cone(K ^ L) ^ K) ^ Cone(Cone(K ^ L) ^ K') = L' 



u . n/r . 1 1 . n/r\ . . 1 { . n/r\ . t^'\ n/r' 
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are weakly equivalent. Thus we have the required CMHC's and weak equivalences. 

Definition 3.4-7 (Quasi- canonical filtration). 

(1) Let K be a CMHC on X. A sequence Ki : Ki ^ K and K,i,i+i : Ki — > Ki+i 
of morphism of CMHC's is called quasi-canonical filtration if (1) there exists 

— > K such that the diagram is commutative 

K'. 

b 

TiK > K, 

where a and b are quasi-isomorphism. Note that we do not impose that 
either K'- or t^K are equipped with structures of CMHC's, and (2) = 

(2) The decomposition Cone(Ki_i — > Li® Mi of the cone Cone(Kj_i 
^ Ki) is called a decomposition associated to the quasi-canonical filtration 
{Ki^K,Ki_t^Ki}. 

Definition 3.4-8 (Associated decomposition). Let Ki — > K,Ki_i Ki he a, quasi- 
canonical filtration and Cone(i^j_i — > ^ © /* be a decomposition asso- 
ciated to the quasi-canonical filtration. Let L ^ K he a morphism of CMHC's. 
The decomposition is associated to the morphism L ^ K if there exists com- 
plexes A, B and morphisms f : A ^ B., a : A ^ WL, b : B ^ WK and 
b' : B ^ Cone{Ki_i Ki)[l] such that 

(1) The morphisms a, b and b' are quasi-isomorphisms. 

(2) The following diagram commutes 

A ^' ) B ^' ) Cone(Ki_i ^ Ki)[l] 

a b 

WL > WK. 

(3) The composite ^ — > 5 — > Cone(Ki_i — > — > is a quasi-iso- 
morphism. 

Remark 3.4-9- We do not impose that the complexes of sheaves A, B and 7VL are 
equipped with the structure of CMHC's. 

Now we can prove the following proposition. 

Proposition 3.4.10. Let L, K he CMHC's, Ki K,Ki-i Ki be a finite 
quasi- canonical filtration, fi : Cone(i^j_i — >• — >■ © be decompositions 
of Cone{Ki_i — > Ki) and ip : L ^ K be a morphism of CMHC's. Suppose that 
the morphism ip is associated to the decompositions f^. Then there exists a quasi- 
canonical filtration {Li — > L,Lj_i — > Li} such that Cone(Li_i — > Li) is weakly 
equivalent to P. 

Proof. We construct L^, Lm — Km and Lm-i — * L^ by descending induction. 
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isomorphic for i > m. By Lemma 3.4.4, we can take a CMHC L"^ such that the 
foUowing diagram of CMHC's commutes 



L > K 

such that im is a weak equivalence. Therefore we can take — > L for a sufficiently 
large m. Suppose that L^, Lm — > Km and Lm — > Lm+i ijn > k) satisfying the 
conditions of the proposition are given by induction. Let 'l'^ = Cone ( Cone (-ftTfc-i ^ 
Kk)[l] C^). Then the composite 'l'' Cone{Kk-i Kk)[l] ^ is a weak 
equivalence and it is denoted by b. The morphism Lk Kk — > Cone(i^A;-i 
K}.)[1] — > is denoted by a. Then we have the following diagram; 

'I^ > Cone(Kfe_i^Kfe)[l] 

6 

where b is weakly equivalent. Then by Lemma, there exists L^, a" : L'^ and 
6' : — > Lfe such that b' is weakly equivalent. Let L^-i — Cone(L^ — I^). Then 
there are natural morphisms 

Lu-i = Cone(4 ^' I^) ^ Cone(Kfc ^ Cone(Kfe-i ^ Kk)[l]) ^ 

and = Cone(L'^ — >' I^) L'^ ^ L^. This proceeds the steps of the induction. 
Corollary 3.4.11. Under the notations as in Proposition 3.4-10, 

[u%x,L)] = J2i-mii%x,r)] 

i 

in Kmh{C) 

Proof. Since L is finite, Lm is exact for m << and Lm L is weakly equivalent, 
for m >> 0. Therefore, we have 

[H*(X,L)] = ^(-l)^[H*(X,Cone(L,_i ^ L,))] 

i 



§3.5 Direct sum decomposition for normal crossing local spaces 

Let (A^, X, Y) be a normal crossing local space and (Ji^iDi be the irreducible 
decomposition of D = X UY. Let us define a subvariety Dj as HjfzjDj. Suppose 
that Dj C X . The complex of sheaves 0^(logiI>) Cg> Odj is denoted by 0*(J). We 
have introduced a structure of cohomological mixed Hodge complex on Rj*Q \dj, 
where j : N — {X UY) ^ N is the natural inclusion, via the quasi-isomorphism 



m ^ r~\ I ^ ^ r~< ^. n»/ t\ 
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with the filtrations Wk and on the right hand side. Let Dj — Dj — Ui^jDjui and 
the natural inclusion from Dj to Dj is denoted by jj : Dj — > Dj. As in Corollary 
3.1.10, the structure of CMHC on {jj)\{'Fij^Q |£,o) is given by the complex 

K'j : n'{J) ^ ®i^K=l,KUJ=&^'{J U ^ ©#K=2,i^UJ=0^^'(^ U ^ • • • 

with the filtrations 

ty#i<r=i,Kuj=0 

Wfc+iO'(JUi^) 
^ ®#K=2,i^uJ=0W^fe+2^^*(^ U K) ^ • • • , and 



^ ©#K=2,iruJ=0™*(^ U K) ^ • • • . 

We define sub-complex K} -, WkK* - and F^K} - by 

^ ®#K=2,KUJ=0W^zJ^*(^ U ^ • • • , 

WkK'j^^ = Kl, n W^feK} and F^K^, = K^, n F^K'j. 

Proposition 3.5.1. 

(1) The sequence of morphism i^} ^ — > K*, Kj^_-^ — > i^}^ are quasi canonical 
filtration. 

(2) r/ie quotient complex Kji/Kj^i_i is weakly equivalent to Lj (g) A*(Q'^) ~ 
L} (g) {®#L=i,LcjQ), where 

(3) Let Q-^ = Ml © Ms be a direct sum decomposition of . Then the di- 
rect sum decomposition A*Mi © M2 A A*(Q'^) give reise to a direct sum 
decomposition L} ® AWi ® L} ® (M2 A A*(Q-^)) of Kj^i/ Kj^i-i. 

Proof. First we show that K* ^ is a CMHC. The sheaf Gr^Kj^i is given by 
GrfK},, =iGr^n'{J) ^ ©#i,=i,Ku,/=0Gr,^iO-(J U K) ^ ■ ■ ■ ^ 

Therefore, we have 

®#K=l,#L=k+l,KUJ=0 ^^'"^'^{^DlujIk^ 

rr, Tjm—i+k—v I r\P—i \ 
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and Gr^{K}-) is a cohomological Hodge complex. Since K*^ for i « and 
Kj^i ~ Kj for i » 0, it is sufficient to prove that W{K} JK}^_^) = if p ^ i. 
Since K} ^ is quasi isomorphic to 

TiR.j*Q |r>j— *■ ©#K=i,i<:uj=0'^iR'i*Q Iojuk ' ' ' ^ 
the quotient complex Kji/Kji_\ is quasi isomorphic to 

R''j*Q \dj [-i] ©#K=i,xuj=0R''j*Q lojujf [-^] ^ • • • > 

and it is quasi isomorphic to (jj)!(Rj*Q This proves the proposition. 

(2) The associated graded complex of sheaves Kj^i/Kj^i_i is isomorphic to 

and therefore it is a direct sum of M^, (#L = i), where 

M'l = (^LUj[-^] ^ ®#K=l,KnJ=l^'LuJUK[-i] ^ " " " )• 

Moreover, the direct sum is compatible with the filtration F' and W, induced by 
that of j and it is easy to see that these filtrations defines structure of CMHC. 
This morphism defines a morphism Cone(iCj,i_i — > [1] — > (B#L=iM' of CMHC 
which is a quasi-isomorphism, i.e. a weak equivalence of CMHC. (Note that in 
general ifO— ^K— >^L— >M— >Oisan exact sequence of CMHC, then the natural 
map Cone(i^ — > L)[l] — > M is a weak equivalence. Therefore W{X,Cone{K — > 
L)) ~ H^{X,M) is an isomorphism of mixed Hodge structures, cf. [Dur], §2.5 for 
X = a point.) We show that M* is quasi- isomorphic to if L ^ J. Let a E L — J 
and put J' = J U {a}. We define complexes 'M* and "M* as 

'M* — {^LUJ' ®#K=l,KnJ'=0^LUJ'LlK ^ • • • ) 

"Ml = (0 — » ©#K=l,KnJ=0,aeK^LUJ'UK ^ ®#K=2,KnJ=0,aeK^LUJ'UK ^ ■ ■ ■) 

Then it is easy to see that M| =' M| ©" M|^. The bijection between {K' \ ^K' = 
n J' = 0} and I #K = p + 1, K n J = 0, a e i^} given hy K' = K - {a} 
gives an isomorphism of complexes 'M* — M*. As a complex, it is easy to check 
that Ml = Cone('M2 ^" Ml) and this proves the exactness of if L ^ J. 
Moreover, if L C J, then M* ~ L*. Therefore we get the statement (2) of the 
proposition. 

The stetement (3) is a direct consequence of (2). 

§3.6 Convolution theorem for Hodge theory. 

First, we compute 'ifv,m,a{Q) using the result of §3.3, §3.4 and §3.5. The normal 
crossing divisor Vb of V defines a natural stratification and Vc is expressed as a 
union of this stratification: Ut-^kS^ indexed by a set K. The inverse image of un- 
der the natural map B{yi) B{yi) is denoted by Vc^i- The morphism -R*(jm)*Q 
R^{jEFB)*Q, is surjective and identified with a projection for direct sum decom- 
position of CMHC's by the expression of -R*(jm)*Q \z" Proposition 3.3.2 and 
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a Structure of CMHC which is weakly equivalent to A^(Q(-1)^('^'^)), as a CMHC, 
where r{a, r) = dim.R^{jEFB)*Q \v for v e S^x using Proposition 3.5.1.(3) and 
Theorem 2.4.9. We use the same argument again to compute R'^(jEF)*Q Uoxzo 

T a 

and we get an isomorphism R^(jEF)*Q — A*Q(— 1)^^'^''^-' as a CMHC,s, where 
r{a, t) = J27=k+i h + a — n. Here we used the same notations h+i, ■ ■ ■ ,ln and a in 
§3.3. Therefore, we have an isomorphism 

H:(^o X Z°, R\jEF).Q) ^ mS'r, Q) ® H:(Z«, Q) ® A^(Q(-1)'^K-)), 

as a G<7^T--Hodge structure, where Gcr,T is the stabilizer of 5,- x Z° in G x As 

a consequence, we have 

[h:(50 X z", wCjEFhQ)] = [h:(50, q)] ® [h:(zo, q)] ® [q - q(-i)]^(-'-). 

in KMH{C,Ga,T)- Let r'{a,T) = ~ 1) r"((T, r) = a - k. Then we 

have the following equality: 

J] Indg^[H:(50, Q)] ® [Q - Q(-l)]'^'(-'-) = ®,e/[H:(K,i, Q)] 0,„d.(Q), 
in Kmh{C, G), where I = /(a) = {z | e cr}. Therefore, we have 

'^V,m,a = 0^eI[i^:iVc,^M)] ® (Q) ® [H:(Z0,Q)] ® [Q - Q(-l)]-"(-.-) 

in Kmh{C, G X Hm)- For any / C [1, n], we have 

J] Indg^ [H:(Z°, Q)] ® (Q - Q(-l))-"(-'-) = h:(Z°, Rj;Q), 

{7(a)=7}/G 

where j : B{^) — [De U Df) — -S(^) and Zj = Uk^^^^jZ^. As a consequence, we 
have 

[H*(Sd(y)-(/(O°^)-'(0),%Q)] 

E ^^^Tri^cis'r, Q)] ® [h:(z°, q)] ® [q - q(-i)]'^(-'-) 

Kx{<t|/(<t)=0}/Gxm„i 

where and B^{y) is defined at the end of §3.2. In the same way, for a subset / 
of [1, n], we have 

[H*(s,,d(2/) - (//(O °^7)"'(o),fc/!Q)] = ^i0(Pg,MQ) ® [h:(zo,r],q)]. 

Using the equality (3.2.2), we have 

[H*(Sd(y)-(/(0o^7)-\0),Q)] 

= 5^ [H*(S,,d(y)-(//(O°^)"'(0),A;/!Q)] 

/C[l,n] 

= E ®,^,0,„d,(Q)®[H:(ZO,Rj,,Q)] 

7C[l,n] 

= E (-l)*'®i0/0.,A(Q)®®»e/(05.,ci,(Q)-[Q])®[H:(Z,,Rj,,Q)] 

/C[l,n] 
/C[l,n] 

®([H:(Z,,Rjj,Q)]-[Q-Q(-1)] 
1 r/-^ iM 
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we have 

^/o,,m(Q) = ( [Q_Q(_i)] i^ciMy) - (/(O o ^)-'(o), Q)]) - Q 

= J2 (-l)*'®i^/<^9iA(Q)®®ie/*5iA(Q)®^//,m(Q)- 

7C[l,n] 

By taking G-invariant part of the above equahty, we have the foUowing theorem. 
Note that the action of G on ii*{Zj, Rj*Q) factors through Gj. 

Theorem 3.6.1 (Convolution Theorem for Hodge structures). 

lC[l,n] 

By speciahzing to the case where n — 2 and / = xi + X2, we have the foUowing 
corollary. 

Corollary 3.6.2 (Thom-Sebastiani theorem for Hodge structures). Let 

gi and g2 be germs of holomorphic functions on C""! and C^^ at with isolated 
singularities. Let di and d2 be the exponents of gi and g2 respectively and m = 
1cm (di, ^2)- Then we have 

^9i+92,m =($si,di ® ^g„d, ® ^^d^ ^^d, ^'^''^ 

where ^g^+g^.m = ^ 91+92, m 

(Q) e.t.c. 

Proof. By the Theorem 3.6.1, we have 

(3.6.1) ^9i+92,m ={K,di ® 032,d2 ® ^^^1+^,^2^^)''''' 

-(<^9.,a.®^,t^j"'^®K:4i 

On the other hand, we have 

(3.6.2) ^^^i,^ = [Q[/^dJ]-[Q] 

in Kmh{C, X Hm), where Hm acts on /x^^ through its quotient. Therefore we 
have 

i4>gi,d^^^^ii,mT''' = K,di,^l = ^gi,di,^l- 

If ($^di^^d2^^ ® C)(xi,X2) 7^ for a charcters xi and X2 of //d^ and /id^, then 
Xi 7^ 1 and X2 7^ 1. Therefore we have 

(3.6.3) {4>9i,di^4>9.,d.^^.'^i+.'^. ^)Md,x^., ^ ($,„d,®$,„d.®$.<^i+.<i2 ^)'^''iX'^<^^ 
Rv l^.'^.fi 1V l^.'^.fi 9.^ and 1^.*^ fi .'^V wp ha.vp thp r.nrnlla.rv. 
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